The fully relativistic spin-polarized multiple-scattering theory is developed for inhomogeneous superconductors, including superconducting/normal-metal/ferromagnet heterostructures. The method allows the solution of the first-principles Dirac-Bogoliubov-de Gennes equations combined with a semiphenomenological parametrization of the exchange-correlation functional. Simple conditions are derived for the case when the right-hand-side and left-hand-side solutions must be treated separately when setting up the corresponding Green's function. As an application of the theory, we calculate the order parameters of Nb/Fe and Nb/Au/Fe systems. We find Fulde-Ferrell-Larkin-Ovchinnikov-like oscillations in the iron layers, but more interestingly an oscillatory behavior is observed in the gold layers as well. The band-structure calculations suggest that this is the consequence of an interplay between the quantum-well states and ferromagnetism.
I. INTRODUCTION
More than five decades ago, Fulde and Ferrell [1] and Larkin and Ovchinnikov [2] (FFLO) demonstrated that, in a ferromagnetic superconductor at low temperature, the superconducting order parameter may change sign in real space. Superconducting/ferromagnet systems can exhibit a similar effect [3] ; the order parameter extends from a superconductor to a ferromagnet with damped oscillatory behavior. This leads to many interesting effects, such as the oscillations of the critical current and the critical temperature, or the periodic transitions from the zero-phase to the π -phase state in superconductor/ferromagnet/superconductor (S/F/S) Josephson junctions, while varying the thickness of the ferromagnetic layer [4, 5] . Practically, all interesting phenomena related to the interplay between superconductivity and magnetism or relativistic effects in S/F structures exist at the nanoscale range. The observation of these effects became possible in the last decade due to the development in the preparation of high-quality heterostructures [6, 7] . Relativistic effects can also have great consequences on superconductivity. It has been known for a long time that spin-orbit coupling (SOC) can influence the symmetry of the order parameter [8] and Josephson currents [9] . However, its impact on noncentrosymmetric systems [10] [11] [12] and on the proximity effect [13] [14] [15] [16] [17] is getting more interest only recently, while it is also a key ingredient in possible realizations for Majorana fermions [18] .
A logical step forward is to develop a relativistic spinpolarized microscopic theory for realistic materials which can treat relativistic effects and superconductivity together with spin and orbital magnetism on the same footing. The microscopic theory of inhomogeneous superconductors is based on the Bogoliubov-de Gennes (BdG) equations [19] . The relativistic generalization of this theory-called DiracBogoliubov-de Gennes (DBdG) equations-was established by Capelle and Gross [20, 21] . To be able to treat arbitrary geometries including semi-infinite geometries without the use of a giant supercell, in this paper we develop a relativistic spinpolarized screened Korringa-Kohn-Rostoker (KKR) method [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] for the solution of the DBdG equations. The KKR method was proven to be a very powerful tool over the last decade with a very broad range of possible applications (including impurities, disordered systems, magnetic response functions, magnetic anisotropy, pair interaction parameters, transport quantities, spectroscopy, etc.). A review about such applications can be found in Ref. [30] . In Ref. [32] the KKR method has been extended for the solution of the BdG equations. In the present paper we provide the generalization of the screened-KKR method for the solution of the DiracBogoliubov-de Gennes equations.
The theoretical formalism is developed in Sec. II. In Sec. III the method is applied for Nb/Fe and Nb/Au/Fe heterostructures. For Nb/Au/Fe heterostructures, Yamazaki et al. [6, 7] have found long-period oscillations in the critical temperature as a function of the gold thickness. Interestingly, none of the models based on Ruderman-Kittel-Kasuya-Yoshida coupling, Friedel oscillations, and FFLO oscillations (in the iron layers) were able to solve the puzzle behind the observed oscillatory behavior of T c . Recent neutron reflectivity measurements [33] also suggest an oscillating behavior for the order parameter in the Au layers. In the present paper we provide a possible explanation for this phenomenon based on the properties of the band structure, and on the solution of the DBdG equations. Finally, Sec. IV is devoted to a summary and conclusions.
II. THE DBDG-SKKR METHOD
In this section we generalize the screened-KKR method for the solution of the Dirac-Bogoliubov-de Gennes equations assuming a pointlike s-wave interaction for the pairing. The method allows the calculation of the Green's function for layered systems, which contains all information about the ground state, and hence makes it unnecessary to obtain the Kohn-Sham orbitals.
A. First-principles DBdG equations
Capelle and Gross [20] showed that in the relativistic case, 16 different order parameters exist with different symmetry properties (these order parameters are 4 × 4 matrices). However, a symmetry analysis with respect to the Lorentz group results in only five different types of order parameters that are consistent with the requirement of covariance (in the nonrelativistic case there are different types of order parameters, which describe singlet and triplet superconductivity). In the nonrelativistic BCS theory pairing occurs between electrons of opposite spin and opposite momentum, thus, for spin singlet pairing the key symmetry is time-reversal invariance. This property should be kept in the relativistic case, hence, one can identify the time-reversal matrix η (which is one of the 16 order parameters) as the relativistic version of the BCS order parameter. Therefore, the relativistic order parameter-with assuming a contact potential for the interaction-is given by
with the time-reversal matrix
and ( r) represents the four-component Dirac spinor field operator. The proper relativistic generalization leads to the following DBdG Hamiltonian written in Rydberg units (h = 1, m = 1/2, e 2 = 2):
where
and σ denotes the Pauli matrices. By adopting the simple semiphenomenological parametrization of the exchangecorrelation functional described in Refs. [32, 34, 35] , the effective electrostatic potential, exchange field, and pairing potential can be written as
where is the strength of the interaction responsible for superconductivity (which can be treated as an adjustable semiphenomenological parameter), V ext ( r) is the external potential (e.g., the Coulomb attraction from the protons), B ext ( r) is the external field, ρ( r) is the charge density, m( r) is the magnetization density, and E 0 xc [ρ, m] is the usual (local spin density approximation) exchange-correlation energy for normal electrons. For the sake of completeness we mention that a nonrelativistic spin density functional theory for superconductors and the approximated exchange-correlation functionals have been developed by Linscheid et al. [36, 37] . At present, this is the most accurate theory, which allows the first-principles calculation of the superconducting transition temperature for bulk systems [38] [39] [40] [41] [42] [43] [44] [45] . However, despite the simplicity of this approximation, it was able to describe many features of bulk niobium [34] and the proximity effect in Nb/Au heterostructures [35, 46] .
B. Generalized screened-KKR method
During the generalization of the KKR method for the solution of the DBdG equations, we follow the footsteps of Refs. [31, 47] and describe the key differences compared to the normal state. In the KKR method, the potential will be treated in the so-called muffin-tin approximation, i.e., the potential is written as a sum of single-domain potentials centered around each lattice site, n, namely,
The potentials are muffin-tin type, which means that they are zero if r = | r n | S n , where S n is the muffin-tin radius.
Compared to the nonrelativistic KKR theory, the relativistic version leads to a number of technical complications, especially, the need to distinguish between the right-(RHS) and the left-hand-side solutions (LHS) of the DBdG equations. The RHS ψ(z) (eight-component function) is defined as
and the corresponding LHS × (z)| can be written as
The resolvent of the DBdG Hamiltonian can be defined as
which has the usual property
As was shown for the nonrelativistic case, the Green's function can be given also for the relativistic case in terms of the spectral representation:
where the right-and left-hand-side solutions, ψ a n (z, r) and φ b n (z, r), respectively, are four-component functions, and a,b refer to the electron-hole index.
A quantum state in the nonrelativistic case is fully determined by the quantum numbers L = (l,m), while in the relativistic case we search the RHS solutions of the DBdG equations in the following form:
where Q = (κ,μ) and Q = (−κ,μ) are the composite indices for the spin-orbit (κ) and magnetic (μ) quantum numbers; g e(h) Q (z,r) and f e(h) Q (z,r) are the large and small components of the electron (hole) part of the solution, respectively. The spin-angular function is an eigenfunction of the spin-orbit
This basis set has the advantage that the corresponding matrix of the spin-orbit operator is diagonal. However, since the magnetic part of the Hamiltonian does not commute with the total angular momentum operator, it will introduce couplings between states with different κ,μ quantum numbers. For later purposes, the following notations are also introduced: l = l − S k , and S k = κ/|κ| the sign of κ.
With integration over the angular parts and using the orthonormality of the Clebsch-Gordan coefficients and the following results [28] 
the radial DBdG equations for arbitrary magnetic field can be written as
The last definition for the pairing potential matrix shows that the pairing interaction couples electrons with κ,μ quantum numbers to holes with κ, − μ quantum numbers. This is the direct consequence of our initial assumption that the pairing acts between Kramers pairs, namely, between electrons and their time-reversed pairs (holes). If no magnetic field is present, the LHS solutions can also be obtained by acting the time-reversal operator on the RHS solutions as was pointed out by Tamura [28] . It should also be emphasized that with an appropriate semiphenomenological parametrization of the exchange-correlation functional the method could be applied for unconventional superconductors assuming interaction between different orbitals as was done in Ref. [48] . These parameters may be identified by fitting an appropriate number of experiments. Then in a next step we can predict the outcome of other experiments without additional adjustable parameters. The ansatz for the LHS solution 
Therefore, the LHS can be obtained from the RHS by substituting
which also means that the RHS solution is the same as the LHS solution only if
Physically, the last condition means that the magnetic field should have x and z components only. In principle, the vectors B( r) and A( r) can be rotated to a local frame, which points along theẑ direction as is usually done. In the normal state it has two advantages: the least amount of coupling occurs between the states with different κ,μ quantum numbers, and there is no need to distinguish the LHS and RHS solutions. However, these conditions show that even if the magnetic field points alongẑ, the LHS and RHS solutions can still be different for a complex pairing potential, which has important consequences, for example, in Josephson junctions. In practice, we solve the RHS and LHS DBdG equations in the global frame with a predictor-corrector algorithm on logarithmic scale similarly as was done for the radial scalar relativistic BdG equations in Ref. [32] .
Following the footsteps of Ref. [47] , the free-particle Green's function can be derived from the nonrelativistic one, which leads to
and the relativistic forms of the Bessel and outgoing (Im p e > 0) Hankel functions for the electron-type states are defined as
and for hole-type states (Im
Similarly, as was described in Ref. [47] , the relativistic real-space electronic structure constant should be derived from the nonrelativistic structure constant G ee,nrel,nm 0,LL (z) by transforming it into the |κμ basis, while the hole part of the relativistic structure constant can be constructed in the |κμ * basis using the nonrelativistic formula [32] The following supermatrix formalism can be introduced for the scattering matrices, the matrices of the structure constant, and the scattering path operator:
where τ (z) can be determined from the single-site t matrix and the real-space structure constant similarly to normal state in the supermatrix formalism
Based on the analogy between the expansions of the freeparticle Green's function in the nonrelativistic case, and in the relativistic case, the derivation of the one-particle Green's function in the relativistic case is straightforward and leads to the following formula:
Q (matrices in electron-hole indices) represent the irregular RHS, irregular LHS, regular RHS, and regular LHS solutions of the DBdG equations inside the muffin-tin spheres, respectively, and they have the following asymptotic behavior for r > S n :
where we introduced the inverse t matrix m ab
QQ . Here, it should be emphasized that the formal structure of the Green's function is not changed compared to the nonrelativistic and also the nonuperconducting case. Importantly, the scheme presented in Ref. [49] will also allow us to manipulate the spin-orbit coupling in calculations.
The above expressions can be applied to surfaces and interfaces straightforwardly following the recipe of the screened-KKR (SKKR) formalism introduced in Refs. [25, 26] , where the two-dimensional (2D) periodicity of the layers is introduced by the 2D lattice Fourier transformed version of the real-space structure constant. To obtain structure constants that are localized in real space, a special reference system (uniform distribution of constant repulsive potentials) is used instead of free space. This gets manifested in a screening transformation on the structure constant. In the supermatrix formalism we used above, this screening transformation can be written in a way that is formally equivalent to the description in Sec. III of Ref. [25] .
For layered systems, similarly to the nonrelativistic case, the anomalous density χ I ( r) can be obtained for layer I from the 2D lattice Fourier transformed version of the anomalous part of the Green's function. In particular, the singlet order parameter could be derived from the Green's function obtained in the |κμ basis as follows:
Im χ I ( r) = 1 2π
III. RESULTS
A. Nb/Fe bcc(001)
The experimental study of the interplay between superconductivity and magnetism has been carried out for many S/F combinations, especially for Nb/Fe systems [6, 7, [50] [51] [52] . Hence, we apply the theory to study the system of Fe overlayers on Nb(001) with assuming exchange field in the z direction. For the Nb, we used the experimental lattice constant of 3.3Å in the bcc structure, which consequently leads to the two-dimensional lattice constant 3.3Å in the (001) direction throughout the whole system.
The self-consistent electrostatic and exchange potentials, and work functions for the DBdG calculations were obtained from the normal-state relativistic calculations. The selfconsistent calculations were performed for systems containing a semi-infinite Nb, and in the interface region there were an additional six Nb layers and subsequently various numbers of Fe layers (up to 12 layers), three vacuum layers, followed by a semi-infinite vacuum. In Fig. 1 we show the layer dependence of the electronic structure [namely, the layerdependent contour plot of the Bloch spectral function (BSF)] in an ( ,m,s) representation which can be obtained from the (κ,μ) representation we used throughout the derivations in the previous section by a Clebsch-Gordan transformation. In the iron the majority spin states are in the spin-up channel at the Fermi level as shown in Fig. 2 , and the signatures of confinement can be observed in the spin-down channel leading to quantum-well states. Compared to Nb, the density of states (DOS) is much larger for the spin-up electrons and much smaller for the spin-down electrons. Where the DOS in the bulk Nb is low, the spin-down states in the Fe are confined, and they cannot scatter into the Nb, while on the other side the system is limited by vacuum. In regions where the DOS is high in the Nb, the spin-down states in the Fe are smeared out, since these states can scatter more easily into the other side of the interface. The proximity also induces magnetism in the Nb layers, which is quite significant for the interface Nb layer showing an induced magnetic moment of 0.4μB.
To investigate what happens when the Nb is in the superconducting state and a thin ferromagnetic iron layer is placed in contact with it, we use a semiphenomenological parametrization of the electron-phonon coupling. Namely, we choose the electron-phonon coupling in the Nb to reproduce the experimental value of the gap (0.2 mRy) in the bulk Nb [53] . This leads to = 0.11 eV, which was also obtained from the linear muffin-tin orbital method by Suvasini et al. [34] . We use this value for all Nb layers, and zero electron-phonon coupling is assumed for the Fe layers. For this situation the quasiparticle DOS was calculated from the solution of the DBdG equations shown in the bottom panel of Fig. 2 . In the the same spin channel the holelike states can be obtained from the electronic ones by mirroring them to the Fermi energy. This property holds for not just the Nb layers, but also for the Fe layers as well. This is the consequence of the electron-hole symmetry of the nonrelativistic spin-generalized BdG equations as discussed in Ref. [54] . In accordance with experimental findings [55] , an induced gap could not be observed in the BSF of the iron layers. The states in the iron extend into the Nb; however, their contributions to the full DOS can be neglected.
As was shown in Ref. [3] , a Cooper pair entering into a ferromagnetic region results in acquiring a center-of-mass momentum, which leads to a spatial modulation of the order parameter: it exhibits a damping oscillatory behavior with its sign changing. This effect is very similar to the well-known FFLO state, where Cooper pairs with a nonzero center-of-mass moment result in an inhomogeneous order parameter. In our case the order parameter is obtained from the anomalous density as
which in turn is calculated from the self-consistent solution of the DBdG equations. In Fig. 3 we show the order parameters for the system with 12 Fe layers where the FFLO-type oscillations of the order parameter could be observed. As was shown in Refs. [5, 56] nonmonotic behavior of the critical temperature (as a function of the iron thickness).
In principle, the presence of spin-orbit scattering could cause the spin singlet Cooper-pair wave function decaying to a spin triplet, and it could mix the Cooper pair with its spin-exchanged counterpartner (causes a pair to experience an exchange field which decreases the average field, therefore increasing the period of the order-parameter oscillations). However, while making calculations for the SOC=0 case we could not find any significant difference compared to the fully relativistic solution. Hence, we may conclude that the spin-orbit coupling in iron is not strong enough to have a measurable impact on the superconducting properties.
B. Nb/Au/Fe
We placed different numbers of Au layers (up to 42) between the Nb and Fe layers, where a fcc growth is assumed for the Au overlayers. While the results show that the Au layers remained nonmagnetic, spin-polarized bands around the Fermi level can be observed as shown in Fig. 4 . This is the consequence of the different confinement for the spin-up and spin-down electrons. In fact, quantum-well states are splittings of the band of single-electron states into a series of subbands (caused by the quantization of the electron motion) which depends on the thickness of confinement. As Fig. 4 suggests, the spin-up electrons are confined in the Au layers only, while the spin-down electrons experience a confinement in both the Au and Fe layers. Therefore, due to the different confinement lengths between the spin channels, more bands are observed for the spin-up states than for the spin-down states. Calculations were for various directions of the exchange field; however, we found that they all lead to a very similar behavior, only the very fine details of the band structure change around the Fermi energy. Since the order parameter is influenced mostly by the states in close vicinity of the Fermi level, we can conclude that a pairing state (in the Au) can occur between two electrons on the induced split parts of the Fermi surface caused by the quantum-well states. Hence, the Cooper pair can acquire a finite momentum leading to the oscillation of the order parameter (analogously to the FFLO state). While SOC in Au is rather strong, it does not have a significant effect on this process, since the spin degeneracy was already lifted by the reflection on the normal-metal/ferromagnet interface. Compared to the SOC=0 case, the main difference is the splitting of the interface states at the Nb/Au interface; however, the impact of this effect on the order parameter appears to be negligible.
By solving self-consistently the DBdG equations (assuming again the experimental bulk electron-phonon coupling in the Nb layers, and zero elsewhere) we found an oscillating behavior of the order parameter as shown in Fig. 5 . The period of these oscillations depends on the number of Au overlayers since the band structure and the number of quantum-well states depends on the thickness of the Au. The order parameter was calculated as a function of the number of Au overlayers up to 42 layers in two cases: with 12 and 24 Fe layers, and the period of the oscillations has been obtained and plotted in both cases in Fig. 6 . For thicker Au overlayers as the number of the quantum-well states are increasing, the bands in the spin-up and spin-down channels are separated by smaller and smaller q vectors. Therefore the Cooper pairs may acquire smaller and smaller finite momentum, which leads to an increase of the period of oscillation as a function of the Au thickness as observed in Fig. 6 . Our theoretical finding explains the oscillating behavior of the order parameter found in Ref. [33] . The order parameter in the Au enters the boundary conditions for superconductivity, hence it influences the T c as well. Yamazaki et al. [6, 7] also found oscillations in the critical temperatue with a period of nine layers. Our results suggest that these T c oscillations observed in that experiment may also 024514-7 be a consequence of the interplay between the quantum-well states and ferromagnetism. We mention that T c oscillations due to quantum-well states were also reported for Pb thin films in Ref. [57] . The inclusion of more and more Au layers leads to more and more damped oscillations in the Fe layers similarly as was found in Ref. [58] .
IV. SUMMARY
In this paper we generalized the screened-KKR method for the solution of the first-principles Dirac-Bogoliubov-de Gennes equations combined with a semiphenomenological parametrization of the exchange-correlation functional. The right-hand-side and left-hand-side solutions corresponding to the single-site problem were derived together with simple conditions when they must be treated separately. As an application of the theory, the order parameters of the Nb/Fe and Nb/Au/Fe systems were obtained. FFLO-type oscillations were found in the Fe layers, but interestingly an oscillatory behavior was also observed in the Au layers. Recent experiments [33] also suggested the existence of similar oscillations in the order parameter (in the Au layers). Based on the results of the band-structure calculations, we could conclude that this is the consequence of the interplay between the quantumwell states and ferromagnetism. We did not investigate the effect of inhomogeneous magnetization, possible triplet correlations, and odd-frequency pairing states which needs further research.
